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D3 : Differentiation from First Principles
fetm =1

Definition f '(x) = ;,l-r»% h

The derivative of a function f (x) is denoted by f’ (x) and is defined f'(x) =i f (x + h)
* Flx+h) - f(x) A= U
f(x) = lim =222 £, h
h—0 h
Using this definition is called differentiating from first principles.

The result f (x), is called the derivative of f (x).

There are rules for differentiation that are far more convenient
than using the definition above. In general, you should only use
the first principles approach above if you are asked to. This module
provides some examples on differentiation from first principles.

View a short video on differentiation from first principles.

Example 1

If f (x) = x2, find the derivative of f (x) from first principles.

Solution:
Using first principles,’ *You need to know the identity
(a+Db)* = a®+2ab + 1?
f/( x) — lim f (x + h) —f (x) h+#0 for this example. In general, you need
h—0 h ! to know a bit of algebra to do limits
ffectively.
. (x+h)2—x2 effectively.
h—0 h
. X2 4+2xh+ h? — x?
= l1m
h—0 h
2xh + h?
= l1m
h—0 h
h(2x + h)
= l1m
h—0 h

=1lim2x+h
h—0

= 2x.


https://emedia.rmit.edu.au/learninglab/sites/default/files/DIFFERENTIATION_FIRST_PRINCIPLES.m4v

The derivative of x2 = 2x.

Example 2

Determine, from first principles, the gradient function for the curve
f(x) = 2x?> — x and calculate its value at x = 3.

Solution:

Using first principles,

1) = g LD =100,
— lim 2(x+h)? — (x +h) — (2x% — x)
h—0 h
_ lim 2x2 + dxh +2h% — x — h — 2x% + x)
h—0 h
~ lim 4xh + 2h* — h)
h—0 h

=lim4x +2h—1
h—0

=4x —1.

The gradient function is f/(x) = 4x — 1. It's value at x = 3 is

£ 3) =403 -1
=11.

The value of the gradient function at x = 3 is 11.

Example 3

Use differentiation from first principles to find the gradient function
ofy = 1.

X
Solution:

Using first principles,



x—(x+h)
— lim x(x+h)
h—0

_=h__
— lim x(x+h)

h—0

- lim _71
0 x(x+h)
-1

2
The gradient function of y = % is —%. In this case we can write

dy _ 1
dx ~— x2

Exercises

Find the derivative of the following functions using differentiation
from first principles.

1. f(x) = 3x.

Answer:

, 3(x+h)—3x
f (x):%g%%
_ 3x +3h — 3x
_h—>0 h
:lim%
h—0 h
=i
=3.

2. f(x) = 5x2



Answer:

5(x + h)? — 5x?

! — 1
f(x) lim ?
. 5(x? +2xh + h?) — 5x?
= lim
h—0 h
5x% + 10xh + 5h? — 5x2
= limm
h—0 h
. 10xh + 5K2
= lim
h—0 h
= lim 10x + 5h
h—0
= 10x.

3. f(x)=2x>—1/x

Answer:
/ 2(x+h)2 xlﬂ (2x2— %)
p— 1.
f (x) = lim p
2 2 1 2
h—0 h
i 2x% +4xh 4 2h* — 4 — (22 —1/x)
h—0 h
2 1 1
:hm4xh+2h —m‘i‘}
h—0 h
2 +h
~ lim 4xh +2h° — S5 + S
h—0 h
2 h
i 4dxh + 2h” + =)
h—0 h
1
= lim4 2 _—
B0 X2k x(x+h)

1
=4 —.
x+x2



